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a b s t r a c t
This paper proposes a two scalemodeling approach to vehicular traffic, wheremacroscopic
conservation equations are closed by models at the microscopic scale obtained by a
mathematical interpretation of driver behaviors to local flow conditions. The paper focuses
on the closure of themass conservation equations by phenomenological models derived by
a detailed analysis at the scale of individual vehicles.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The modeling by mathematical equations of vehicular traffic is a challenging research field of applied mathematics also
due to difficulties to be tackled by mathematical tools. The approach which can be based on the idea that vehicles on road
constitute a large living, hence complex, system generates a variety of challenging analytic and computational problems
that identify new frontiers of applied mathematics. The said motivations are widely documented in the recently published
review papers [1,2], while the book by Kerner [3] illustrates how empirical data can be properly collected and interpreted
with the attempt of breaking the complexity of the system under consideration.
It is worthmentioning that one of the greatest difficulties of themodeling approach is the selection of the representation
and modeling scale between the microscopic, individual based, scale concerning the dynamics of all driver–vehicle
subsystems, and the macroscopic scale suitable to provide the time and space evolution of the macroscopic flow quantities,
typically local density and mean velocity. The microscopic modeling is based on the application of the principles of
Newtonian dynamics to the vehicular system regarded as a large number of interacting particles representing the
driver–vehicle subsystems. The difficulty consists in dealing with a large number of equations and the assessment of the
parameters force to reduce the complexity of the description of single driver–vehicle subsystems. On the other hand,
when dealing with macroscopic quantities, uncertainties and fluctuations cannot be taken into account due the process
of averaging. Moreover, the macroscopic approach does consider the vehicle as a particle instead of a system linking driver
and mechanics, i.e. it does not take into account the heterogeneous behavior of the driver–vehicle subsystems.
Accordingly, it was stated in [2] that none of the scales generally used in the literature is fully consistent. Therefore
multiscalemethods need to be developed toward a deeper understanding of the system under consideration, which exhibits
several features of complex systems. This paper aims at showing how a detailed modeling of the dynamics of the micro-
systems can be implemented into macroscopic conservation equations, thus obtaining a hybrid model mixing the two
micro and macro scales. Focus is on mass conservation equations [4], while a forthcoming one will concern also the linear
momentum equation. In details, Section 2 introduces themathematical structures, corresponding to conservation equations
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of mass, linear momentum or dynamical pressure, that can be used toward the modeling approach. It is shown how the
modeling of the dynamics of vehicles at the microscopic scale, namely at the scale of the driver–vehicle subsystem, can
lead first to model the so called velocity diagram, namely velocity versus density in steady flow condition; and then to
macroscopic models of flow dynamics. Finally, Section 3 develops a critical analysis looking at research perspectives.
2. Mathematical structures and derivation of models
The modeling approach refers to the macroscopic description concerning variables analogous to those of continuum
hydrodynamics. More precisely, we consider number density and linear momentum viewed as dependent variables
depending on time and space. The flow is assumed to be one-directional and one-lane, while each vehicle is modeled as
a point, i.e. the length of each vehicle is negligible with respect to the length of the road, although amaximal density n = nM
is considered.
Dimensionless variables are used by introducing specific reference quantities: ρ = n/nM is the dimensionless number
density of vehicles, referring n to themaximal density of vehicles nM corresponding to bumper-to-bumper packing situation;
v = V/VL is the dimensionless mean velocity referred to the limit velocity VL, namely the maximal velocity that a vehicle
can technically reach in a certain road. This velocity is related to the maximal mean velocity VM attained by vehicles when
moving in free flow conditions, by a simple formula as follows: VL = (1+ µ)VM , where µ is a positive constant valid in all
environments. These quantities depend on time and space, namely ρ = ρ(t, x) and v = v(t, x), where t is a dimensionless
time being referred to ℓ/VM (where ℓ is the length of the road) and x is the dimensionless space being referred ℓ. The local
dimensionless flow is obtained by q(t, x) = ρ(t, x) v(t, x).
Vehicular traffic models at the macroscopic scale generally refer to a mathematical structure consisting of a two
dimensional system of partial differential equations that define the time and space evolution of the density and mean
velocity of the flow of vehicles, assumed to be continuous with respect to both independent variables. Therefore, the
mathematical framework is identified by mass and momentum conservation equations. The conservation equations can
be written as follows:
∂tρ + ∂x(ρv) = 0,
∂tv + v∂xv = A[ρ, v], (2.1)
where A[ρ, v] models the component of the mean acceleration, which may be functional of its arguments. An alternative
to system (2.1) has been considered in some recent papers, e.g. [5–7], by conservation of Riemann-type invariants
corresponding to velocity and to a pseudo-pressure p depending on the local density [8].
The mathematical structure (2.1) provides the background for the derivation of models which can be obtained either by
modeling a phenomenological relation between mean velocity and local density thus leading to first order models simply
by mass conservation equations; or by modeling a phenomenological acceleration term involving both density and mean
velocity thus leading to second order models based both on mass and momentum equations. This paper focuses on first
order models, which are obtained simply by modeling the dependence of v on ρ by a mathematical interpretation of the
phenomenological behavior of the driver–vehicle subsystem in different environmental conditions. This relation substitutes
the second equation in (2.1).
The formal structure of first order models can be written as follows:
∂tρ + ∂x(ρB[ρ]) = 0, with v = B[ρ], (2.2)
where B is an operator to be properly determined according to a model suitable to take into account the dynamics at the
microscopic scale.
This approach has the advantage of leading to simple tractable equations, but has to tackle the difficulty of modeling
the term B[ρ]. The interested reader can find in [4] a critical analysis on this approach and, in particular, on the abuse of
empirical data to obtain the said model; more precisely, the model is obtained by plugging empirical data into the relation
linking ρ to v without taking into account their large deviations due to environmental conditions as well as to the quality of
the road. Moreover, the approach should also consider the heterogeneous behavior of the driver–vehicle micro-system. An
additional aspect to be taken into account is that themodel operates far from steady flow, while empirical data are available
in steady flows. This modeling problem can be approached in two steps, the first one being the derivation of the velocity
diagram, i.e. velocity versus density in steady uniform flow. The present approach takes into account variable conditions
of the quality of the road-environments, here in after called the outer system. Subsequently, as a second step, the model is
generalized to describe flow conditions far from the steady flow, by taking into account local and nonlocal interactions.
The derivation of the velocity diagram in steady uniform flow can be obtained by taking advantage of the interpretation
of the physics of traffic and of the various phase transitions reported in the book by Kerner [3]. The basic idea is that the
driver keeps in steady flow a safety distance, which can be related to the local density. Consequently the higher the velocity,
the lower the density, or vice versa. Moreover, the quality of the environment and of the driver–vehicle subsystem, say
the EDV quality, can even change the type of velocity diagram. Bearing all above in mind, let us consider the modeling of
v = B[ρ] from a detailed analysis of the dynamics at the micro-scale. More precisely, we look for a model corresponding
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to the said dynamics derived according to the following guidelines:
1. The mathematical model of the relation v = B[ρ] includes a parameter α modeling the EDV quality such that
α ∈ [−1, 1], and for α = 0, conditions with v(ρ = 0) = v0 = 11+µ = γ < 1 are satisfied.
2. Negative values of α correspond to monotone decreasing of v0 up to the value α = −1, corresponding to the worse
conditions, where v = 0. Positive values of α correspond to monotone increasing of the critical value ρc of the density
after which the velocity starts decreasing, up to the value α = 1 corresponding to the best conditions of an ideal (non
existing) road such that vehicles keep their maximal value even in the case of high density. Calculations developed in
what follows will be referred to the range α ∈ [−0.2, 0.5], namely neglecting very bad and excessively idealistic road
conditions.
3. The velocity v tends to zero with a slope equal to zero when ρ → 1.
Remark 2.1. As has been put in evidence by Kerner [3], a transition is experimentally detected in traffic flow: it has been
observed that the velocity, in the high quality regime, have a jump at ρ = ρc which in our model can be represented as a
jump from v = γ to v(ρ) = vα=0(ρ), which corresponds to the value of the velocity in the absence of free flow regime.
A conceivable model, where the dependence of v on ρ is consistent with the above conditions, is as follows:
dv
dz
= (v − 1)v, z = ρ
2
1− ρ (2.3)
to be implemented with suitable initial conditions. Different conditions and meaning of the parameter α can be defined
according to the following two regimes:
• α > 0 corresponds to good quality highways in optimal weather conditions, so that vehicles can keep their maximal
speed v0 = γ , for ρ ∈ [0, ρc = α]. The following phenomenology is modeled: the velocity is kept constant at its
maximal value in free flow conditions, i.e. v0 = γ , until the critical density is reached and then it reduces as ρ increases
with a law given by the solution of the initial value problem for the differential equation (2.3) with the initial condition
v(ρc) = γ .
• ρc = 0, v0 < γ corresponds to low quality of the road and/or environment such that no free flow regime exists. In
this regime, further decrease of the EDV quality induces a reduction of the maximal speed in the following range of
variability: 0 ≤ v0 ≤ γ . The following phenomenology is modeled: the velocity reduces as ρ increases with a law given
by the solution of the initial value problem characterized by the differential equation (2.3) with the initial condition
v0 = v(ρ = 0) = γ (1+ α).
Remark 2.2. Summarizing:
α ∈ [−0.5, 0.5]; α ≤ 0⇒ α = v
0
γ
− 1; α > 0⇒ α = ρc . (2.4)
α ≤ 0 : v0 = γ (α + 1); α = 0 : v0 = γ ; α > 0 : v(ρ ∈ [0, α[) = γ , v(ρ = α) = vα=0(ρ = α). (2.5)
Straightforward calculations lead to the analytical solutions of the initial value problems for the two regimes:
− 0.5 ≤ α ≤ 0, vα(ρ) = h(ρ) = γ (1+ α)
γ (1+ α)+ [1− γ (1+ α)] exp

ρ2
1−ρ
 , (2.6)
and
0 < α ≤ 0.5, vα(ρ) =

γ if ρ ∈ [0, ρc[= [0, α[
vα=0(ρ) if ρ ≥ ρc = α. (2.7)
Some plots of the analytical solutions of the closure relation are presented in Figs. 1 and 2 representing the velocity
and flow diagrams, namely mean velocity and flux versus density, corresponding to the following values of the parameter
a : {−0.2,−0.1, 0, 0.1, 0.2, 0.5}.
The model derived above is valid only in steady flow conditions. In fact, the relation between velocity and local density,
valid in steady flow conditions, cannot be immediately inserted into the mass conservation equation, which has to operate
far from steady flow, without an appropriate generalization of the model to take into account unsteady conditions [9]. The
general idea is that of obtaining models at the macroscopic scale from a detailed interpretation of the dynamics at the
microscopic scale [8]. The target can be pursued by introducing the concept of apparent density; in fact the presence of a
density gradient determines an effect such that the density perceived by the driver is different from the real one. Therefore,
the driver adapts the velocity of the vehicle not to the equilibrium velocity corresponding to the local density, but to that
depending on the perceived density. In particular, if the density gradient is positive, the driver feels a density greater then
the real one, while if the gradient density is negative the effect is the opposite; the perceived density coincides with the real
M. Dolfin / Applied Mathematics Letters 25 (2012) 2162–2167 2165
a b
Fig. 1. (a) Velocity diagram and (b) shooting at discontinuities.
Fig. 2. Fundamental diagram.
one only when the gradient is equal to zero. This concept was introduced in [9] and subsequently generalized by various
authors [10,11]. The model of perceived density proposed in this paper introduces a flux limited concept that controls
anomalous diffusion problems. This matter is discussed in the sequel. In particular it is
∂xρ ≥ 0 : ρa = ρ + (1− ρ) tan h2(∂xρ), (2.8)
and
∂xρ < 0 : ρa = ρ − ρ tan h2(∂xρ), (2.9)
such that ∂x →∞⇒ ρa = 1; ∂x →−∞⇒ ρa = 0; ∂x = 0⇒ ρa = ρ (see Fig. 3).
This expression can be substituted into the model for the velocity in steady flow conditions defined by Eqs. (2.6) and
(2.7) for the two regimes respectively, obtaining a velocity depending both on density and its gradient. Substitution of ρ
with ρa into the expression of the velocity and insertion into the mass conservation equation (2.2) yields the first order
mathematical model for conditions far from equilibrium. The result for−0.5 ≤ α ≤ 0 is as follows:
∂tρ + ∂x

ρ h[ρa](ρ, ∂xρ; γ )
 = 0, (2.10)
where h[ρa](ρ, ∂xρ; γ ) is obtained by substituting into Eq. (2.6), the expression of the apparent density given by (2.8) or
(2.9). Detailed calculations yield:
∂tρ + h[ρa](ρ, ∂xρ; γ ) ∂xρ + ρ ∂x

h[ρa](ρ, ∂xρ; γ )
 = 0, (2.11)
where
∂x

h[ρa](ρ, ∂xρ; γ )
 = ∂h
∂ρa

∂ρa
∂ρ
∂ρ
∂x
+ ∂ρ
a
∂(∂xρ)
∂2ρ
∂x2

. (2.12)
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Fig. 3. (a) Apparent density and (b) fundamental diagram with apparent density (α = 0.5).
The explicit expression of Eq. (2.10) in the case ∂xρ ≥ 0 is
∂tρ +

h[ρa] + ρ(γ − 1)(1− tan h
2)
γ
K [ρa]

∂xρ = 2ρ(1− ρ)(1− γ )
γ
K [ρa] tan h(∂xρ)
cos h2(∂xρ)
∂xxρ (2.13)
with the position
K [ρa] = h2[ρa] A[ρa] A[ρa] = ρ
a(2− ρa)
(1− ρa)2 exp

ρa2
1− ρa

. (2.14)
The explicit expression of Eq. (2.10) in the case ∂xρ < 0 is
∂tρ +

h[ρa] + ρ(γ − 1)(1− tan h
2)
γ
K [ρa]

∂xρ = 2ρ
2(γ − 1)
γ
K [ρa] tan h(∂xρ)
cos h2(∂xρ)
∂xxρ. (2.15)
It is worth stressing that the flux limited approach can be improved by a detailed asymptotic analysis from the micro-
scale. Different models can be obtained as documented in the survey paper [12] which focuses on the motion of cells.
Nevertheless the contents of this paper is limited to a simple phenomenological approach.
3. Critical analysis and perspectives
This paper has presented amodeling approach to vehicular traffic by a first ordermodel at themacroscopic scale. Namely,
models derived from the mass conservation equation properly closed by a model suitable to link the mean velocity to
the local density conditions [4]. The great advantage of first order models consists in their simplicity that makes them
appropriate for application to the analysis of real flow dynamics. In fact, real applications involve in the study of networks
of roads, where the dynamics in all tracts are properly linked at junctions. The theory of networks is well documented in
various papers, e.g. [13,14], while the modeling and overall optimization of the dynamics need models to be implemented
in the whole network after appropriate modeling of the junctions [15]. Moreover, first order models have been developed
in the modeling of crowd dynamics as documented in [16].
While the author does not naively claim that the model presented in this note solves all above problems, it can be
stressed that the model is characterized by one parameter only, namely α related to the quality of the environment and
of the vehicle–driver subsystem. Once this parameter is fixed, the model is defined although it needs, at least in principle
the definition of the additional parameter γ . However, we claim that this parameter, that identifies the ratio between the
fastest vehicles and the maximal mean velocity is approximately an invariant quantity for all roads. Although this topic is
not considered here, it can be pointed that the heterogeneity of the subsystems can be taken into account by using a random
variable to characterize the aforesaid parameter.
Summarizing, the model proposed in this paper is characterized by one parameter only and has the ability to depict the
fundamental velocity and flow diagrams. Moreover, an interpretation of the apparent density has given models suitable to
operate far from steady flow conditions by a transport diffusion equation with anomalous coefficients that depend on the
local gradients.
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